Given a probability space ð; A; PÞ and a separable metric space X we obtain some theorems on the existence of solutions ': X ! R of equations of the form 'ðxÞ ¼ Ð 'ð f ðx; !ÞÞPðd!Þ. They are given via probability distribution of the limit of the sequence of iterates of the given function f : X Â ! X.
Introduction
Equations of the form . Very important results on the existence and uniqueness of their solutions have been proved by G. DERFEL in [6] , by J. MORAWIEC in [12] , [13] and by K. BARON and W. JARCZYK in [3] . In [3] and [8] the iterates of random-valued functions were used (for the first time in [3] ) to solve equations of form (2) and (1) on the unit interval and in Banach spaces, respectively. The aim of the present paper is to obtain suitable results on metric spaces for Eq. (2).
Random-Valued Functions and Their Iterates
Fix a probability space ð; A; PÞ and a separable metric space X. Let BðXÞ denote the -algebra of all Borel subsets of X. We say that f : X Â ! X is a random-valued function if it is measurable with respect to the product -algebra BðXÞ A. The iterates of such a function f are defined by
. . .Þ; ! nþ1 Þ for x from X and ð! 1 ; ! 2 ; . . .Þ from 1 defined as N . Note that f n : X Â 1 ! X is a random-valued function on the product probability space ð 1 ; A 1 ; P 1 Þ. More exactly, the n-th iterate f n is BðXÞ A n -measurable, where A n denotes the -algebra of all the sets of the form
with A from the product -algebra A n . (See [4] , [9] ; also [10; Sec. 1.4].) These iterates were defined independently in [4] and [7] . In [4] and [9] some conditions are established which guarantee the convergence (a.s. and in L 1 ) of ð f n ðx; ÁÞÞ. Fix a random-valued function f : X Â ! X. According to [8; Theorem 5.1], if the sequence of iterates ð f n ðx; ÁÞÞ of f converges in measure and the limit does not depend on x, then every continuous and bounded solution ': X ! R of (2) is constant. We will prove that the probability distribution of the limit of ð f n ðx; ÁÞÞ always produces a bounded solution of (2) which is in addition nonconstant provided the limit really depends on x; cf. also [3; Propositions 2.1 and 2.2]. By this we can get a nonconstant solution of (2) also in the case where it has no nonconstant continuous solutions.
The Case of the Almost Sure Convergence
We start with an observation that if the metric space X is complete, then the set fðx; !Þ for all x 2 X and B 2 BðXÞ, the above theorem ensures the existence of nonconstant Borel solutions of (2) in the case where the limit of ðf n ðx; ÁÞÞ is nonconstant (with respect to x); more precisely: if x; y 2 X and ðx; ÁÞ 6 ¼ ðy; ÁÞ, then for some B 2 BðXÞ the function ðÁ; BÞ is a nonconstant Borel solution of (2).
The Case of the Convergence in Measure
If the sequence ð f n ðx; ÁÞÞ converges a.s. to a measurable function ðx; ÁÞ:
1 ! X, then the function ðx; ÁÞ given by (3) is a probability measure and ðx; BÞ ¼ P 1 ððx; ÁÞ 2 BÞ: ð4Þ
In the case of the convergence in measure we have the following theorem.
Theorem 2. Suppose that X is a separable metric space and for every x 2 X the sequence ð f n ðx; ÁÞÞ converges in measure to a measurable function ðx; ÁÞ and define ðx; ÁÞ: BðXÞ ! ½0; 1 by (4). Then: 
